Optimal Value of Series Capacitors for Uniform Field Distribution in Transmission Line MRI Coils by Zhurbenko, Vitaliy
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
General rights 
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners 
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights. 
 
• Users may download and print one copy of any publication from the public portal for the purpose of private study or research. 
• You may not further distribute the material or use it for any profit-making activity or commercial gain 
• You may freely distribute the URL identifying the publication in the public portal  
 
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately 
and investigate your claim. 
   
 
Downloaded from orbit.dtu.dk on: Nov 08, 2017
Optimal Value of Series Capacitors for Uniform Field Distribution in Transmission Line
MRI Coils
Zhurbenko, Vitaliy
Published in:
Journal of Sensors
Link to article, DOI:
10.1155/2016/3480965
Publication date:
2016
Document Version
Publisher's PDF, also known as Version of record
Link back to DTU Orbit
Citation (APA):
Zhurbenko, V. (2016). Optimal Value of Series Capacitors for Uniform Field Distribution in Transmission Line
MRI Coils. Journal of Sensors, 2016, [3480965]. DOI: 10.1155/2016/3480965
Research Article
Optimal Value of Series Capacitors for Uniform Field
Distribution in Transmission Line MRI Coils
Vitaliy Zhurbenko
Technical University of Denmark, 2800 Kongens Lyngby, Denmark
Correspondence should be addressed to Vitaliy Zhurbenko; vz@elektro.dtu.dk
Received 13 August 2015; Revised 20 October 2015; Accepted 4 November 2015
Academic Editor: Guiyun Tian
Copyright © 2016 Vitaliy Zhurbenko. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Transmission lines are often used as coils in high field magnetic resonance imaging (MRI). Due to the distributed nature of
transmission lines, coils based on them produce inhomogeneous field. This work investigates application of series capacitors
to improve field homogeneity along the coil. The equations for optimal values of evenly distributed capacitors are derived and
expressed in terms of the implemented transmission line parameters. The achieved magnetic field homogeneity is estimated under
quasistatic approximation and compared to the regular transmission line resonator. Finally, a more practical case of a microstrip
line coil with two series capacitors is considered.
1. Introduction
Magnetic resonance (MR) imaging at high field strength can
potentially offer higher spatial and/or temporal resolution
then conventional (low field) MRI systems. These benefits
will facilitate a significant increase in diagnostic accuracy
for certain medical applications. There are, however, several
technological challenges associated with high field operation.
One of them is high magnetic resonance frequency, which
leads to inhomogeneity of the alternating magnetic field due
to the short wavelength of the field. This calls for technolog-
ical improvements to meet the demands for magnetic field
distribution.
The purpose of MR coils is to generate and sense alter-
nating magnetic fields in MR systems. While loop coils are a
conventional choice for low field (low frequency)MR systems
[1–3], transmission line sections operating in standing wave
mode are often used in high field systems [4–6].Themaxima
and minima of the standing wave result in inhomogeneous
field generated by the coil. Such inhomogeneity leads to
degradation of MR image quality.
Several approaches to improve homogeneity have been
suggested in the literature. These include implementation of
alternating impedance transmission lines [7, 8], metamaterial
inspired structures [9, 10], and substituting coil with several
shorter coils with individual feeding [11]. In this work, the
approach of inserting series capacitors into transmission line
coil is investigated. Series capacitors compensate for the phase
shift in self-inductance of the transmission line section. This
compensation results in a more uniform current distribution
on the line.Theuniform current distribution, in its turn, leads
to homogeneous magnetic field. The equations for optimal
values of evenly distributed series capacitors are derived.The
achieved homogeneity of themagnetic field is estimated using
Biot-Savart’s law and compared to a regular transmission
line resonator. An example of a transmission line coil using
suspended microstrip technology is considered.
2. Coil Design for Uniform
Current Distribution
In order to boost the sensitivity of transmission line coils
they are usually operated as resonators. Hence, the loading
of transmission line coils is either open-circuit, short-circuit,
or purely reactive. Such a loading results in infinite stand-
ing wave ratio (assuming lossless case) where the distance
between the consecutive minima or maxima is one-half a
wavelength [12]. To avoid dark spots on MR image and
achieve reasonable homogeneity, current minima should be
avoided. For that reason, coils based on transmission lines
are almost always shorter than half a wavelength and proper
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capacitive loading is used to achieve symmetric current
distribution along the line [7, 8, 13–15]. An example of
a normalized current distribution |𝐼(𝑧)| on a 25 cm long
transmission line at 298MHz is shown in Figure 1 (dashed
red curve).
The current reduces at the ends of the line due to
destructive interference of the incident and reflected waves.
It is, however, preferable to have a uniform current
distribution. That would result in a homogeneous magnetic
field along the line.
A more uniform current distribution can be achieved
by inserting series capacitors 𝐶
𝑠
into the transmission line
(Figure 1(b)). These capacitors can compensate for self-
inductance of the transmission line by introducing opposite
phase shift. The loading capacitor 𝐶
𝐿
, in its turn, should
be chosen to provide symmetry of the current distribution.
This structure (Figure 1(b)) results in a smaller standing
wave ratio than in the conventional case (Figure 1(a)). An
example of current distribution on a line using two series
capacitors is shown in Figure 1(c) (solid blue curve). As can
be seen, the resulting uniformity of the current distribution
is considerably improved.
Obviously, the higher the number of capacitors, the
more uniform the current distribution can be achieved and,
consequently, the higher the magnetic field homogeneity will
be.
The value of the series capacitor𝐶
𝑠
should be chosen such
that it compensates the phase shift introduced by one section
of the transmission line (Appendix B):
𝐶
𝑠
=
sin (𝛽𝑙/𝑁)
4𝜋𝑓
0
𝑍
0
(1 − cos (𝛽𝑙/𝑁))
, (1)
where 𝑙 is the total length of the transmission line coil; 𝑁 is
the number of transmission line sections after inserting series
capacitors (e.g., using two series capacitors will result in𝑁 =
3); 𝛽 is the phase constant;𝑍
0
is the characteristic impedance
of the implemented transmission line; and 𝑓
0
is the operating
frequency. A frequency of 298MHz is used in all examples
here, which is close to operating frequency ofMR systems for
hydrogen imaging with 7 T magnetic field.
The expression for the loading capacitor, which will result
in the optimal current distribution, is derived imposing cur-
rent symmetry condition for 𝑙/𝑁 length line (Appendix A):
𝐶
𝐿
= 2𝐶
𝑠
=
sin (𝛽𝑙/𝑁)
2𝜋𝑓
0
𝑍
0
(1 − cos (𝛽𝑙/𝑁))
. (2)
For example, for 50Ω line, the calculated values of the
capacitors using (1) and (2) at 𝑓
0
= 298MHz, 𝛽 = 7.28, and
𝑁 = 3 are 𝐶
𝐿
≈ 34.2 pF and 𝐶
𝑠
≈ 17.1 pF.
Having the values of the capacitors and knowing the
parameters of the transmission line, current distribution can
be foundusingwell-developed transmission line analysis [12].
The current on 𝑛th transmission line section
𝐼
𝑛
(𝑧) =
𝑉
+
0,𝑛
𝑍
0
(𝑒
−𝑗𝛽(𝑧+(𝑁−𝑛)𝑙/𝑁)
− Γ
𝐿,𝑛
𝑒
𝑗𝛽(𝑧+(𝑁−𝑛)𝑙/𝑁)
) , (3)
where Γ
𝐿,𝑛
and 𝑉+
0,𝑛
are the load reflection coefficient and
amplitude of the incident wave at the end of 𝑛th transmission
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Figure 1: (a) Regular transmission line resonator. (b) Transmission
line coil with series capacitors 𝐶
𝑠
. (c) Corresponding normalized
magnitude of the current distribution. Here 𝑧 is the longitudinal
coordinate, 𝑙 is the total length of the coil, and 𝑁 is the number of
sections.
line section, respectively, 𝑛 = 1 ⋅ ⋅ ⋅ 𝑁. The total current 𝐼(𝑧)
is then a combination of currents on all transmission line
sections 𝐼
𝑛
(𝑧).
The amplitude of the incident wave at the end of 𝑛th
transmission line section
𝑉
+
0,𝑛
=
{{{{{{
{{{{{{
{
𝑉
𝑔
2
(1 − Γ
𝑔
) 𝑒
−𝑗𝛽𝑙/𝑁
1 − Γ
𝑔
Γ
𝐿,𝑛
𝑒−𝑗2𝛽𝑙/𝑁
, when 𝑛 = 1,
𝑉in,𝑛
𝑒𝑗𝛽𝑙/𝑁 + Γ
𝐿,𝑛
𝑒−𝑗𝛽𝑙/𝑁
, when 2 ≤ 𝑛 ≤ 𝑁.
(4)
Here 𝑉
𝑔
is the voltage of the generator, which excites
the transmission line coil; 𝑉in,𝑛 is the total voltage at the
input terminals of 𝑛th transmission line section. Generator
reflection coefficient Γ
𝑔
= (𝑍
𝑔
−𝑍
0
)/(𝑍
𝑔
+𝑍
0
), where𝑍
𝑔
is the
impedance of the generator. Reflection coefficient at the end
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of 𝑛th transmission line section Γ
𝐿,𝑛
= (𝑍
𝐿,𝑛
−𝑍
0
)/(𝑍
𝐿,𝑛
+𝑍
0
),
where
𝑍
𝐿,𝑛
=
{{{{{
{{{{{
{
1
𝑗2𝜋𝑓
0
𝐶
𝐿
, when 𝑛 = 𝑁,
1
𝑗2𝜋𝑓
0
𝐶
𝑠
+ 𝑍
0
𝑍
𝐿,𝑛+1
+ 𝑗𝑍
0
tan (𝛽𝑙/𝑁)
𝑍
0
+ 𝑗𝑍
𝐿,𝑛+1
tan (𝛽𝑙/𝑁)
, when 1 ≤ 𝑛 ≤ 𝑁 − 1.
(5)
The field strength due to 𝐼(𝑧) can be estimated using Biot-
Savart law:
|H (𝑧, 𝑟)| = 𝑟
4𝜋
∫
0
−𝑙
󵄨󵄨󵄨󵄨󵄨
𝐼 (𝑧
󸀠
)
󵄨󵄨󵄨󵄨󵄨
𝑑𝑧
󸀠
(𝑟2 + [𝑧󸀠 − 𝑧]
2
)
3/2
, (6)
where 𝑟 is the perpendicular distance to the conductor
carrying the current from the point of observation. Since the
magnetic flux density is proportional to the magnetic field
(B = 𝜇H, where 𝜇 is the permeability), it is possible to
estimate the produced B field. Integration in (6) is limited to
−𝑙 ⋅ ⋅ ⋅ 0 since there is no current outside this region.
Equation (6) is used to estimate the field distributions
due to currents in Figure 1(c). This would allow assessing the
achieved field homogeneity for the conventional case and the
case with series capacitors. The results for 𝑟 of 3 cm and 6 cm
are shown in Figure 2.
The presented data indicates that the insertion of series
capacitors considerably improves homogeneity of the field.
For example, at 𝑟 = 3 cm, homogeneity, which is defined as a
ratio
min {|B (𝑧)|}
max {|B (𝑧)|}
, (7)
increases from 31% to 49%.
Since the field strength reduces at the ends of the line
(Figure 2), a higher degree of homogeneity can be achieved
by reducing the field of view (the imaging domain above
the coil). For example, limiting the field of view to 𝑧 =
−5 cm ⋅ ⋅ ⋅ − 20 cm will result in increase in homogeneity from
81% (Figure 4(a)) to 95% (Figure 4(b)).
It is important to keep in mind that the presented field
distribution in Figure 2 is not for the entire transmission line,
but only due to the current distribution |𝐼(𝑧)| in Figure 1. An
accurate field distribution for more practical coil realizations
should be obtained by full-wave simulations. An example of
a microstrip line coil with two distributed series capacitors is
considered in the following section.
3. Example of a Microstrip Line Coil
Thedesign approach described above is, in general, applicable
to any coil based on TEM or quasi-TEM transmission
line. A more realistic example of a transmission line coil
using suspended microstrip technology is considered in
this section. The impedance of the implemented suspended
microstrip transmission line is 50Ω. The height (distance
between the ground plane and the suspended Printed Circuit
Board (PCB)) ℎ is chosen such that the PCB is conveniently
supported by the feeding SMA connector and is equal to
4.15mm. The implemented PCB is based on FR4 laminate
sheet with thickness ℎ
𝑠
= 1.55mm. The top and side views
of the regular 50Ω line using this technology are shown in
Figure 3(a).
The width 𝑊
1
of the 50Ω line is found using commer-
cially available models for microstrip lines on multilayer
substrate and is equal to 22.5mm. The effective dielectric
constant of such a microstrip line is approximately 1.36.
The total length of the coil is 25 cm, which corresponds to
electrical length of nearly 0.3𝜆.
A transmission linewith two series capacitors𝐶
𝑠
is shown
in Figure 3(b).The length of the first and the last transmission
line sections 𝑙
1
is one-third of the line in Figure 3(a). The
conductor of the second section (the one in the middle) is
printed on the opposite side of the PCB. In thisway, capacitors
can be formed by overlapping adjacent transmission line
sections. Obviously, the propagation constant is different for
the second transmission line section. To compensate for that,
the physical length 𝑙
2
had to be slightly increased, such that
the electrical lengths (and current distribution) of all three
sections are identical. The corresponding parameters of the
transmission line are𝑊
2
= 18.1mm and 𝑙
2
= 89.5mm.
The width of the capacitor plates is chosen the same
as the width of the first line 𝑊
1
in order to minimize
the discontinuity effect associated with the line-capacitor
interconnect.
The length of the capacitor is estimated using expression
for the capacitance of flat, parallel metallic plates:
𝑙
𝑐
=
𝐶
𝑠
ℎ
𝑠
𝑊
1
𝜀
0
𝜀
𝑟
. (8)
Substituting 𝐶
𝑠
= 17.1 pF, ℎ
𝑠
= 1.55mm,𝑊
1
= 22.5mm,
and 𝜀
𝑟
= 4.55 in this equation results in 𝑙
𝑐
≈ 29.3mm.
Apparently, the length of the capacitor is a significant fraction
of the transmission line length; therefore, the capacitor can
barely be considered as a lumped capacitor. This will of
course have impact on the overall field distribution and its
resemblance to the ideal case considered in the previous
section.
Equation (1) indicates that the higher number of capac-
itors (smaller 𝑙/𝑁 ratio) leads to higher value of 𝐶
𝑠
. Should
we have chosen 𝑁 > 3, it would be difficult to realize larger
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Figure 2: Normalized magnitude of B field distribution (a) due to
current on a regular transmission line (dashed red curve in Figure 1)
and (b) for the case with two series capacitors (solid blue curve in
Figure 1).
capacitors in the present configuration and would require
implementation of lumped capacitors instead.
Full-wave simulations ofmicrostrip structures in Figure 3
can take into account the distributed behavior of the capaci-
tors, as well as the influence of the ground plane current and
the current through the loading capacitor. Initial simulations
showed slight asymmetry in current distribution due to
fringing effects at the ends of the microstrip lines, nonideal
microstrip mode excitation, and current through the load-
ing capacitor (oriented normally to the ground plane). To
compensate for that, the value of the loading capacitor 𝐶
𝐿
of
the regular transmission line resonator (Figure 3(a)) had to
be reduced to 7.2 pF (the initial value calculated from (2) for
𝑁 = 1 is 8.3 pF). The corresponding value for the microstrip
line with two series capacitors (Figure 3(b)) 𝐶
𝐿
= 22 pF. The
value of the series capacitors has not been changed.
The magnetic field profiles for the coils in Figure 3 are
illustrated by full-wave simulations in free space using com-
mercial finite integration technique solver [16] (Figure 4).The
sinusoidal current distribution in the regular transmission
line resonator equates to theBfield distribution in Figure 4(a)
with maximum at the center. As it was predicted, a more
uniformcurrent profile on the linewith series capacitors leads
to more uniform field behavior as seen in Figure 4(b).
To evaluate the efficiency of the designed coil in the
presence of lossy tissue, phantom studies were conducted.
The simulated phantom has a shape of rectangular cuboid
Top view
Side view
Ground plane Suspended PCB
W1
hs h
CL
(a)
Ground plane Suspended PCB
Top view
Side view
W1 W1W2
CL
CsCs
l1l1 l2
lc
(b)
Figure 3: (a) Sketch of a regular suspendedmicrostrip transmission
line resonator. (b) Transmission line coil with two series parallel
plate capacitors𝐶
𝑠
. Air gap ℎ = 4.15mm, PCB height ℎ
𝑠
= 1.55mm,
𝑙
1
= 83.3mm, 𝑙
2
= 89.5mm, 𝑙
𝑐
= 29.3mm, 𝑊
1
= 22.5mm, and
𝑊
2
= 18.1mm.
(a)
(b)
Figure 4: Comparison of the normalized magnitudes of the mag-
netic field distribution between (a) the regular line and (b) the line
with two series parallel plate capacitors in free space.
and placed 5mm above the coil. Dielectric properties of the
phantom material correspond to average properties of brain
at 289MHz (𝜀󸀠
𝑟
≈ 52, 𝜀󸀠󸀠
𝑟
≈ 33, built-in tissue model in
[16]). As can be seen from the simulation results presented
in Figure 5, both coils exhibit comparable maximum field
generated by a unit of the RF input signal.
The coil with two series capacitors still offers better
homogeneity despite exhibiting slight field asymmetry due to
distributed nature of losses in the phantom. This asymmetry
could beminimized by slightly adjusting the series capacitors
when designing for a particular imaging application.
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Figure 5: Simulated B
1
+ field in [𝑇/√𝑊] generated by a unit of the
RF input signal in presence of a phantom. (a) Slice along the line and
(b) comparison of two coils at 𝑟 = 3 cm.
Loop for magnetic
field mapping
Transmission line 
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Figure 6: Experimental setup for magnetic field mapping.
The coil with series capacitors was fabricated and its field
was mapped in free space (Figure 6).
A lumped capacitor was used for𝐶
𝐿
in the fabricated coil.
The coil was tuned to 298MHz andmatched to 50Ω. A small
loop (15mm in diameter) was implemented for mapping the
magnetic field distribution by moving it along the microstrip
as illustrated in Figure 6. A vector network analyzer was used
to measure coupling between the line and the loop probe.
Assuming that the loop is sensitive only to the magnetic field,
the measured |𝑆
21
| will be proportional to the magnetic field
generated by the coil. In this way, the profile of the magnetic
field distribution is obtained with 1 cm step, as illustrated in
Figure 7.
The data in Figure 7 presents comparison between the
simulated and measured magnetic field distributions 3 cm
and 6 cm above the transmission line surface. The field
0.0
0.2
0.4
0.6
0.8
1.0
1.2
0.00 5.00
z (cm)
r = 6 cm, measured
r = 6 cm, simulated
r = 3 cm, measured
r = 3 cm, simulated
|b
|
−30.00 −25.00 −20.00 −15.00 −10.00 −5.00
Figure 7: Normalized magnitude of the B field distribution for the
microstrip transmission line coil with two series capacitors.
profile exhibits two peaks due to distributed behavior of the
implemented series capacitors. The achieved homogeneity of
the coil for 𝑟 = 3 cm is 55%.
The coil with evenly distributed capacitors has been
considered in thiswork. It is expected to achieve better homo-
geneity by adjusting the length of particular transmission line
sections. This approach, however, has been left out of the
scope of this work.
4. Conclusion
It was demonstrated that the magnetic field homogeneity for
the transmission line MR coils can be improved by inserting
series capacitors. The higher the number of capacitors is, the
more uniform the field can be generated. Theoretically, any
degree of homogeneity can be achieved.The only limitation is
the finite length of the coil (which can be overcome by reduc-
ing the field of view) and, potentially, losses in the lumped
capacitors. Another benefit of using series capacitors is the
capability to provide in a simplemanner the required uniform
field over a very long length and construct transmission line
coils, which can be even longer than one-half of a wavelength.
It is shown that the profile of the current distribution
can be changed inserting series capacitors. Values for evenly
distributed capacitors have been derived in this work (equal
value capacitors inserted between equal length line sections).
It is expected that even higher homogeneity over a wider
field of view could be achieved using unevenly distributed
capacitors with variable values.
The approach developed here to control magnetic field
distribution would be useful in the design of coils for high
field systems for imaging in large in terms of wavelength
objects.
The derived equations have been used in the design
example of a suspended microstrip coil with two series
capacitors. This particular coil realization required slight
reduction of the loading capacitor value 𝐶
𝐿
in order to
compensate for nonideal behavior and achieve symmetric
field distribution.
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Appendices
A. Deriving Equation for Loading Capacitor
The current distribution has highest homogeneity when the
maximum appears at the center of the transmission line
section. Considering the current on the last transmission line
section ((3) when 𝑛 = 𝑁) the maximum of the current
magnitude will appear at 𝑧 = −𝑙/2𝑁 if 𝑒𝑗(𝜃𝐿+2𝛽𝑧) = −1, where
𝜃
𝐿
is the phase of the load reflection coefficient. Consequently,
𝜃
𝐿
− 𝑙𝛽/𝑁 = −𝜋.
Load reflection coefficient in terms of normalized reac-
tance of the load 𝑥
𝐿
is
Γ
𝐿
=
𝑗𝑥
𝐿
− 1
𝑗𝑥
𝐿
+ 1
=
𝑥
2
𝐿
− 1
𝑥2
𝐿
+ 1
+ 𝑗
2𝑥
𝐿
𝑥2
𝐿
+ 1
, (A.1)
where 𝑥
𝐿
= −1/2𝜋𝑓
0
𝐶
𝐿
𝑍
0
. Consider
tan 𝜃
𝐿
=
Im {Γ
𝐿
}
Re {Γ
𝐿
}
=
2𝑥
𝐿
𝑥2
𝐿
− 1
= − tan(−
𝛽𝑙
𝑁
+ 𝜋)
= tan(
𝛽𝑙
𝑁
) .
(A.2)
Solving this quadratic equation for 𝑥
𝐿
,
𝑥
𝐿
=
1 ± √1 + tan2 (𝛽𝑙/𝑁)
tan (𝛽𝑙/𝑁)
=
1 ± sec (𝛽𝑙/𝑁)
tan (𝛽𝑙/𝑁)
=
cos (𝛽𝑙/𝑁) ± 1
sin (𝛽𝑙/𝑁)
.
(A.3)
We choose solution with “−” since 𝑥
𝐿
is negative, which
leads to the following equation for the loading capacitor:
𝐶
𝐿
=
− sin (𝛽𝑙/𝑁)
2𝜋𝑓
0
𝑍
0
(cos (𝛽𝑙/𝑁) − 1)
. (A.4)
B. Equation for Series Capacitor
To derive equation for series capacitor𝐶
𝑠
the last (𝑁th) trans-
mission line section in Figure 1 is considered. The foregoing
section should be loaded with 𝑍
𝐿
in order to achieve current
distribution identical to distribution on the last section. This
is described by the following equality:𝑍in,𝑁−𝑗/2𝜋𝑓0𝐶𝑠 = 𝑍𝐿,
where
𝑍in,𝑁 = 𝑍0
𝑍
𝐿
+ 𝑗𝑍
0
tan (𝛽𝑙/𝑁)
𝑍
0
+ 𝑗𝑍
𝐿
tan (𝛽𝑙/𝑁)
(B.1)
is the input impedance of the last (𝑁th) transmission line
section. Using this equation
−𝑗
2𝜋𝑓
0
𝐶
𝑠
=
𝑍
𝐿
(𝑍
0
+ 𝑗𝑍
𝐿
tan (𝛽𝑙/𝑁)) − 𝑍
0
(𝑍
𝐿
+ 𝑗𝑍
0
tan (𝛽𝑙/𝑁))
𝑍
0
+ 𝑗𝑍
𝐿
tan (𝛽𝑙/𝑁)
=
𝑗 tan (𝛽𝑙/𝑁) (𝑍2
𝐿
− 𝑍
2
0
)
𝑍
0
+ 𝑗𝑍
𝐿
tan (𝛽𝑙/𝑁)
.
(B.2)
Substituting (A.4),
−𝑗
2𝜋𝑓
0
𝐶
𝑠
=
𝑗 tan (𝛽𝑙/𝑁) (−𝑍2
0
(cos (𝛽𝑙/𝑁) − 1)2 /sin2 (𝛽𝑙/𝑁) − 𝑍2
0
)
𝑍
0
+ 𝑗𝑍
0
((cos (𝛽𝑙/𝑁) − 1) / sin (𝛽𝑙/𝑁)) tan (𝛽𝑙/𝑁)
=
𝑗𝑍
0
(− (cos (𝛽𝑙/𝑁) − 1)2 − sin2 (𝛽𝑙/𝑁))
sin (𝛽𝑙/𝑁)
= 𝑗𝑍
0
2 cos (𝛽𝑙/𝑁) − 2
sin (𝛽𝑙/𝑁)
=
−𝑗2
2𝜋𝑓
0
𝐶
𝐿
,
(B.3)
from where
𝐶
𝑠
=
𝐶
𝐿
2
. (B.4)
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